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a b s t r a c t
The existence of nontrivial solutions of Kirchhoff type equations is an important nonlocal
quasilinear problem. In this paper, by using the local linking theory, we obtain nontrivial
solutions of a class of nonlocal quasilinear elliptic boundary value problems as follows:−
(
a+ b
∫
Ω
|∇u|2
)
1u = f (x, u), inΩ;
u = 0, on ∂Ω .
© 2009 Elsevier Ltd. All rights reserved.
1. Introduction
This paper is concerned with the existence of nontrivial solutions of the following nonlocal Kirchhoff type problems:−
(
a+ b
∫
Ω
|∇u|2
)
1u = f (x, u), inΩ;
u = 0, on ∂Ω ,
(1.1)
where Ω is a smooth bounded domain in Rn, a, b > 0, and f (x, t) : Ω × R1 is a continuous real function and satisfies the
subcritical condition:
|f (x, t)| ≤ C(|t|p−1 + 1), for some 2 < p < 2∗ =
{ 2n
n− 2 , n ≥ 3;+∞, n = 1, 2
(1.2)
where C denotes a generic positive constant.
More recently, Perera and Zhang [1] obtained nontrivial solutions of Kirchhoff type problems with asymptotically 4-
linear terms via Yang index. In [2], using the invariant sets of descent flow, Zhang and Perera got a positive, a negative and
a sign-changing solution under the 4-sublinear case, asymptotically 4-linear case and 4-superlinear case. In [3], Mao and
Zhang used minimax methods and invariant sets of descent flow to prove 4-superlinear Kirchhoff type problems without
the PS condition and got multiple solutions.
Motivated by paper [4], the present paper studies the problem (1.1) by means of the Morse theory and local linking,
which are different from the literature mentioned above.
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2. Preliminaries and the main results
Let H = H10 (Ω) be the Sobolev space equipped with the inner product and the norm
〈u, v〉 =
∫
Ω
∇u∇v, ‖u‖ = (u, u) 12 .
In the sequel, by | · |q we denote the usual Lq-norm. Since Ω is a bounded domain, it is well known that H ↪→ Ls(Ω)
continuously for s ∈ [1, 2∗], compactly for s ∈ [1, 2∗), and there exists γs such that
|u|s ≤ γs‖u‖, ∀u ∈ H.
Denote by 0 < λ1 < λ2 ≤ · · · the distinct Dirichlet eigenvalues of −∆ on Ω , and by ϕ1, ϕ2, ϕ3, . . . the eigenfunction
corresponding to the eigenvalues; then
λ1(Ω) := inf
u∈H,|u|2=1
|∇u|22
is achieved by ϕ1 > 0. Let
Ej :=
⊕
i≤j
Ker(−∆− λi), j ∈ N.
Consider the nonlinear eigenvalue problem{−‖u‖21u = µu3, inΩ;
u = 0, on ∂Ω (2.1)
whose eigenvalues are the critical values of the functional
I(u) = ‖u‖4, u ∈ S :=
{
u ∈ H = H10 (Ω) :
∫
Ω
u4 = 1
}
(2.2)
and the first eigenvalue µ1 > 0 obtained by minimizing I has an eigenfunction ψ > 0. See more details in [1].
Now we give the existence results for the problem (1.1) and make the following assumptions:
(f1) lim sup|u|→∞
F(x,u)
u4
<
bµ1
4 , uniformly for x ∈ Ω , where F(x, u) =
∫ u
0 f (x, s)ds;
(f2) lim|u|→∞ F(x,u)u4 = bµ14 , uniformly for x ∈ Ω;
(f3) lim sup|u|→∞(F(x, u)− bµ14 u4) = −∞, uniformly for x ∈ Ω;
(f4) lim|u|→∞(f (x, u)u− 4F(x, u)) = +∞, uniformly for x ∈ Ω;
(f5) There exist δ > 0, k ≥ 1, C > 0 and 2 < α < 4 such that Cuα + λka2 u2 < F(x, u) < λk+1a2 u2, for |u| < δ.
We have the following results:
Theorem 2.1. The problem (1.1) has at least one solution, if f satisfies one of the following conditions:
(a) (f1), (b) (f2) and (f3), (c) (f2) and (f4).
Theorem 2.2. The problem (1.1) has at least two nontrivial solutions if f satisfies one of the following conditions:
(a) (f1) and (f5), (b) (f2), (f3) and (f5), (c) (f2), (f4) and (f5).
3. Proofs of the main results
Now we give the proofs of the theorems. Remind that the functional J : H → R be given by
J(u) = a
2
‖u‖2 + b
4
‖u‖4 −
∫
Ω
F(x, u)dx, u ∈ H.
Lemma 3.1. Let f satisfies (f5), the functional J has a local linking with respect to H = V1⊕ V2, where V1 = Ek, V2 = V1⊥.
Proof. Let V1 = Ek, V2 = V1⊥. If u ∈ V1, then ‖u‖2 ≤ λk|u|22; and if u ∈ V2, then ‖u‖2 ≥ λk+1|u|22.
For u ∈ V2, by (f5) and (1.2), we have F(x, u) ≤ aλk+1u22 + C |u|p (p > 4) for u ∈ R, x ∈ Ω , then
J(u) = a
2
‖u‖2 + b
4
‖u‖4 −
∫
Ω
F(x, u)dx
>
a
2
‖u‖2 + b
4
‖u‖4 − aλk+1
2
|u|22 − C |u|pp
≥ b
4
‖u‖4 − C1‖u‖p.
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Noting that p > 4, Choose ρ1 small enough, such that b4‖u‖4 − C1‖u‖p > 0 for ‖u‖ ≤ ρ1, then we have J(u) > 0 for
u ∈ V2, ‖u‖ ≤ ρ1.
For u ∈ V1, for the given δ > 0, there is a ρ2 = δC2 > 0 such that ‖u‖ ≤ ρ2 ⇒ |u| ≤ C2‖u‖ ≤ δ. Thus by (f5), we have
J(u) = a
2
‖u‖2 + b
4
‖u‖4 −
∫
Ω
F(x, u)dx
≤ a
2
‖u‖2 + b
4
‖u‖4 − aλk
2
|u|22 − C |u|αα
≤ b
4
‖u‖4 − C3‖u‖α.
Noting that 2 < α < 4, we can choose ρ3 ≤ ρ2 small enough such that J(u) < 0 for ‖u‖ ≤ ρ3.
Now choose ρ = min{ρ1, ρ3}, it is very clear that J has a local linking at 0 with respect to H = V1 ⊕ V2. By [5], one has
Ck(J, 0) 6∼= 0, that is 0 is homological nontrivial. 
Lemma 3.2. Suppose f satisfies one of the following conditions:
(a) (f1); (b) (f2), and (f3); (c) (f2), and (f4).
Then, we have
(i) J is coercive on H, That is J(u)→+∞, as ‖u‖ → ∞;
(ii) J satisfies the (PS) condition.
Proof. (i) Let (a) hold. It follows from (f1) that there is a constant c > 0, such that F(x, u) < bµ14 u
4 + c,∀u ∈ R, x ∈ Ω ,
therefore
J(u) = a
2
‖u‖2 + b
4
‖u‖4 −
∫
Ω
F(x, u)dx
>
a
2
‖u‖2 + b
4
‖u‖4 − bµ1
4
|u|44 − c|Ω|
≥ a
2
‖u‖2 − c|Ω| → +∞, as ‖u‖ → ∞.
Let (b) or (c) hold. Assume that (f2) is satisfied. Write f (x, u) = bµ1u3+ g(x, u), and F(x, u) = bµ14 u4+G(x, u). If (f3) holds,
then lim|u|→+∞ G(x, u) = −∞; if (f4) holds, then
lim|u|→+∞
G(x, u)
u4
= 0, and lim|u|→+∞(g(x, u)u− 4G(x, u)) = +∞.
It follows that for everyM > 0, there is RM > 0, such that
g(x, u)u− 4G(x, u) ≥ M, ∀x ∈ Ω, |u| ≥ RM .
Integrating the equality
d
du
G(x, u)
u4
= g(x, u)u− 4G(x, u)
u5
over the interval [u,U] ⊂ [RM ,+∞), we have
G(x,U)
U4
− G(x, u)
u4
≥ −M
4
(
1
U4
− 1
u4
)
.
Let U →+∞, we see that G(x, u) ≤ −M4 , for x ∈ Ω, u ≥ RM . In a similar way, we have G(x, u) ≤ −M4 , for x ∈ Ω, u ≤ −RM .
Hence lim|u|→+∞ G(x, u) = −∞, x ∈ Ω .
Let {un} ⊂ H be such that ‖un‖ → ∞ as n → ∞, and J(un) ≤ C∗ for some constant C∗ ∈ R. Taking vn = un‖un‖ , then
passing to a subsequence, we may assume that there is some v0 ∈ H , such that vn ⇀ v0 in H , vn → v0 in L4(Ω), and
vn(x)→ v0(x) a.e. onΩ .
Now
C∗
‖un‖4 ≥
J(un)
‖un‖4
= a
2‖un‖2 +
b
4
‖vn‖4 −
∫
Ω
F(x, un)
‖un‖4 dx
≥ a
2‖un‖2 +
b
4
‖vn‖4 −
∫
Ω
1
4
bµ1v4n +
∫
|un|>RM
M
4‖un‖4 −
∫
|un|≤RM
C
4‖un‖4 dx
>
a
2‖un‖2 +
b
4
‖vn‖4 −
∫
Ω
1
4
bµ1v4n −
∫
Ω
C1
4‖un‖4 .
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So,
lim sup
n→∞
(∫
Ω
|∇vn|2dx
)2
≤ µ1
∫
Ω
v40dx.
Because the norm is weakly semicontinuous, then we have
µ1
∫
Ω
v40dx ≤
(∫
Ω
|∇v0|2dx
)2
≤ lim inf
n→∞
(∫
Ω
|∇vn|2dx
)2
≤ lim sup
n→∞
(∫
Ω
|∇vn|2dx
)2
≤ µ1
∫
Ω
v40dx
then vn → v0 in H . with ‖v0‖ = 1. Hence, v0 = ψ > 0, then un(x) = ‖un‖vn(x) → +∞, and so G(x, un(x)) → −∞, as
n→∞, for x ∈ Ω . Therefore
C∗ ≥ J(un) = a2‖un‖
2 + b
4
‖un‖4 −
∫
Ω
F(x, un)dx
= a
2
‖un‖2 + b4‖un‖
4 −
∫
Ω
1
4
bµ1u4n −
∫
Ω
G(x, un)dx
≥ a
2
‖un‖2 −
∫
Ω
G(x, un)dx→∞, as n→∞.
This is impossible, so J is coercive on H .
(ii) The (PS) condition follows from (i) and we omit it. 
Proof of Theorem 2.1. We shall verify that the functional J(u) has a critical point u ∈ H. Since J : H → R is C1 functional
and J isweakly semicontinuous onH , by Lemma3.2, J is coercive. Then J has a critical point u ∈ H . The proof is completed. 
Proof of Theorem 2.2. By Lemma 3.2, J is coercive and satisfies the (PS) condition. Hence J is bounded from below. By [5]
and Lemma 3.1, the trivial solution u = 0 is homological nontrivial. If infu∈H J(u) ≥ 0, then J(u) = infu∈V1 J(u) = 0, for all
u ∈ V1, with ‖u‖ ≤ ρ, which implies that all u ∈ V1 with ‖u‖ ≤ ρ are solutions of the problem (1.1). If infu∈H J(u) < 0,
that is 0 is not a minimizer of J, by [6], one has that J has at least three critical points. Thus the problem (1.1) has at least two
nontrivial solutions. This completes the proof of Theorem 2.2. 
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